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Membership problems

Let G be an group (infinite, finitely generated, with decidable Word Problem).
Consider the following membership problems:

Definition (Subgroup Membership)

Input: g1,8,...,8:,,8 €G.
Question: whether g € (g1,82, ..., 8n)group?

Definition (Submonoid Membership)

Input: 81,82,.-.,8n, 8 € G.
Question: whether g € (g1, 82, . .., &n)monoid?

Definition (Rational Subset Membership)

Input: g € G and a rational subset S C G.
Question: whether g € S§?

rational subset = set defined by a rational expression in G

= set recognized by a finite state automaton over G



Relation between the three membership problems

Example of a rational subset: {g1}"{g}" = {g{gs" | n,m € N}.



Relation between the three membership problems

Example of a rational subset: {g1}"{g}" = {g{gs" | n,m € N}.

o0



Relation between the three membership problems

Example of a rational subset: {g1}*{g>}* = {g{g>" | n,m € N}.

o0

f. g. submonoids are rational subsets:



Relation between the three membership problems

Example of a rational subset: {g1}*{g>}* = {g{g>" | n,m € N}.

o0

f. g. submonoids are rational subsets: (gi, g2)monoid = {g1,82}"-

81

e

82



Relation between the three membership problems

Example of a rational subset: {g1}*{g>}* = {g{g>" | n,m € N}.

g1 &2
A=
f. g. submonoids are rational subsets: (gi, g2)monoid = {g1,82}"-

81

e

82

f. g. subgroups are f. g. submonoids:



Relation between the three membership problems

Example of a rational subset: {g1}*{g>}* = {g{g>" | n,m € N}.

g1 &2
A=
f. g. submonoids are rational subsets: (gi, g2)monoid = {g1,82}"-

81

e

82
f. g. subgroups are f. g. submonoids: (g1, g2)group = (g1,g2,gf1,g{1>monoid

gfl 81
NP
l©\

—1
& 82



Relation between the three membership problems
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Subgroup Membership < Submonoid Membership < Rational Subset Mshp.
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Classic decidability results

Theorem (Benois 1969, Grunschlag 1999)

Rational Subset Membership is decidable in abelian groups and free groups.

Theorem (Shafrir 2018, Bodart 2024)

There are group where Submonoid Membership is decidable, but Rational
Subset Membership is undecidable. (An example is Z ;1 Z°.)

V

Theorem (Malcev 1958, Romanovskii 1974, Roman'kov 2022)

Subgroup Membership is decidable in f.g. nilpotent and metabelian groups.
But there are nilpotent and metabelian groups where Submonoid Membership
is undecidable. (An example is H3(Z)*®.)

Hence, Subgroup Mshp. < Submonoid Mshp. < Rational Subset Mshp.
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Let H be a finite index subgroup of G. Then Subgroup Membership is
decidable in G if and only if it is decidable in H.

Idea: if X is a f.g. subgroup of G, then X N H is a f.g. subgroup of H.

Problem

What about Submonoid Membership?

Theorem (Grunschlag 1999)
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Is decidability preserved in finite index subgroups?

G Zfinite index Ha
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decidable SubXXX Membership

Theorem (folklore, Stallings 1983, Gilman 1987)

Let H be a finite index subgroup of G. Then Subgroup Membership is
decidable in G if and only if it is decidable in H.

Idea: if X is a f.g. subgroup of G, then X N H is a f.g. subgroup of H.

Theorem (Shafrir 2024 + D. 2025)

There exists a group G and a finite index subgroup H, such that Submonoid
Membership is undecidable in G but decidable in H.

Theorem (Grunschlag 1999)

Let H be a finite index subgroup of G. Then Rational Subset Membership is
decidable in G if and only if it is decidable in H.

Idea: if S is a rational subset of G, then SN H is a rational subset of H.
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Definition (n-dimensional lamplighter group)

The n-dimensional lamplighter group Z,, { Z" is defined as a matrix group

0 1

2122 .. XZn
(x1 X3 XE f> 2,...,2 € T, f € FaXE, ... X¥]

Laurent polynomial over Fp

Take for example n = 2.
Each element is a Z2-grid of lamps, each on O or off @, along with a person % .

XiXo XP+X5
0 1
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o 1 1

align the origin of 2nd graph to the person in 1st graph,
move the 2nd graph onto the 1st graph,
and do pointwise addition on all lamps.
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Theorem (Lohrey, Steinberg and Zetzsche 2015)

Submonoid Membership is decidable in the 1-dimensional lamplighter group.

Theorem (Shafrir 2018)

Submonoid Membership is decidable in the 2-dimensional lamplighter group.

Proof is specific to each dimension.

Theorem (D. 2025)

Submonoid Membership is decidable in the n-dimensional lamplighter group
for all n, as well as semidirect products ) x 7", where Y is a finitely presented
Fo[XE, . . ., XiE]-module.
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Graphic illustration of semidirect products

<xfl Xz f

0 1) Zl,ZQeZ,f€F2[X1i,X2i]/<X2—1> :yNZQ.

Element in the quotient module
Y = FIX, X551/ 06 - 1)

Modify the 2-dimensional lamplighter group by “wiring” all lamps in the same
column together. ( <= “quotienting” F>[X;", X;5] by the ideal (Xo — 1))
different “wiring” patterns ~ semidirect products ) x Z? for different
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(X m (X ke (X3 hs _(XiXE A
gl_(o 1)’g2_<o 1)8= o 1)0ete=1 o

Total contribution to the lamps must equal h:
X+ X2y fioyi+hys=h, (1)
for some y1, y2, y1, y» € YV depending on hy, hy, hs.

Submonoid Membership g € (g1, 82, 83)monoid has positive answer if and only if
there exists 71,2 € Z, fi, f» € F2[X;T], that satisfy (1) over ),

That is, if and only if there exists z1, z» € Z, that satisfy X;* - y1 + X{? - yo» = h,
over the quotient Y/{y1, y3).
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Proposition (From Submonoid Membership to S-unit equations)

Submonoid Membership in Y x Z" reduces to solving S-unit equations in a
finitely presented Ty [Xli, ..., X;F]-module.

Definition (S-unit equations in modules)

In a finitely presented IFg[Xli, e ,X,,i]—module M, an S-unit equation is
X1211X2212 .. _X:ln e+ +Xlzk1X21k2 .. 'ankn - my = mo,

where we look for solutions z11, z12, . . . , Zkn € Z.

.

Proposition (Solution set of S-unit equations, D. 2025)

The solution set of an S-unit equation over a finitely presented
Fo[XE, . . ., XiF]-module is effectively 2-automatic.

.

2-automatic: there is an automaton over the alphabet {0,1}*" that recognizes
the binary expansion of the solution set.
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Example of a solution set

Proposition (Solution set of S-unit equations, D. 2025)

The solution set of an S-unit equation over a finitely presented
F, [le[7 ..., X;F]-module is effectively 2-automatic.

Let M = Fo[X*, Y£]/(Y — X — 1). The following equation in M

XAy f x=y=22 — |
is equivalent to the following equation in Fa2(X):
XX +1)2 4+ X2(X+1)2 =1.
The solution set is

(211, 212, 21, z22) € {(2%,0,0,2%) | k € N} U {(0,2*,2%,0) | k € N},

which is 2-automatic. )
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(X + l)2 = X2 +1: “freshman’s dream”
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For illustration, we consider the following simplified equation (over n) in the
module M = Fo[X*, Y*]/(Y — X —1):
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§2/7/+1

“let X' = X?
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Let's give the proof idea of “solution set is 2-automatic”.
For illustration, we consider the following simplified equation (over n) in the
module M = Fo[X*, Y*]/(Y — X —1):

YY"+ X" =1.
That is, we need to find n € N such that

(X4+1)"+X"=1.

From this automaton, we see directly that n must be of the form 2% k € N.
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Proposition (From Submonoid Membership to S-unit equations)

Submonoid Membership in' Y x Z" reduces to solving S-unit equations in a
finitely presented Fo[XE, ..., X;F]-module.

+

Proposition (Solution set of S-unit equations)

The solution set of an S-unit equation over a finitely presented
F, [Xli, ..., X;F]-module is effectively 2-automatic.

Let ) be a finitely presented IE‘Q[le:7 . ,X,,i]—module. Then the semidirect
product Y x Z" has decidable Submonoid Membership.

As a corollary, we obtained that decidability of Submonoid Membership is not
stable under finite extension of groups.
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Theorem (D. 2025)

Let Y be a finitely presented F,[X:=, ..., X;F]-module. Then the semidirect
product ) x Z" has decidable Submonoid Membership.

(In fact we can replace 2 by any prime p)
But can we replace F,, by the ring Z/ = {0,1,..., k — 1} for non-prime k?

Theorem (D. and Shafrir, 2026)

Let ) be a finitely presented Z/k[Xli, ..., X;F]-module, where k has at most
two different prime divisors (i.e. k = p? or p>q®). Then ) x Z" has decidable
Submonoid Membership.

The problem is difficult when k has three different prime divisors (k = p?g°r°).

We also cannot replace the finite ring Z . by Z:

Theorem (Lohrey, Steinberg, and Zetzsche 2015)

Submonoid Membership in ZZ is undecidable. (simulates 2-counter machines)




