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Commuting graphs of semigroups

Let S be a finite non-commutative semigroup.

The commuting graph of S, denoted G(S), is the simple graph such
that:

e S\ Z(S) is the set of vertices, where

Z(S)={xeS:xy=yxforall y € S}.

e {x,y}is an edge if x # y and xy = yx.
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Commuting graphs of semigroups: example

G(8({1,2,3}))
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(Full and partial) transformation semigroups

Let X be a finite set.

o Full transformation semigroup on X:

T(X) = { Functions 8 : Domf3 = X and Im§ C X }.

o Partial transformation semigroup on X:

P(X) = { Functions 8 : Dom C X and Imp C X }.
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Clique number

Let G = (V, E) be a simple graph.

e A clique is a subset K C V such that {u, v} € E, for all distinct
uv e K.

@ The clique number of G, denoted w(G), is the largest integer r such
that G has a clique K such that |K|=r.

_ v



Clique number of a commuting graph

5(5) s
Cliques of CommL.Jtatwe
maximum size subsemigroups
— of maximum size
c cu z(S)

Lemma
Let S be a finite non-commutative semigroup. We have

maximum size
w(g(9)) = commutative —1Z(S)|.
subsemigroup of S
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Largest commutative subsemigroups

Let X be a finite set.

@ Burns and Goldsmith (1989) characterized the largest abelian
subgroups of the symmetric group S(X) on X.

S(X) = { Functions 3 : § is bijective and Dom 5 = X }.

@ Aratjo, Bentz and Konieczny (2015) characterized the largest
commutative subsemigroups of the symmetric inverse semigroup
Z(X) on X.

Z(X) = { Functions 3 : (3 is injective and Dom 3 C X and Im3 C X }.
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Largest commutative subsemigroups of idempotents

@ For each i € X we define
M ={BeT(X):iB=iand B € {ij}foralljecX\{i}}.

o For all i € X we have || = 21XI-1,

Example

If X = {1,2,3} and i = 1, then the elements of I'{ are

1 2 3 1 2 3 1 2 3 1 2 3
1 11 113 1 21 1 2 3




Largest commutative subsemigroups of idempotents

@ For each i € X we define
X ={BeT(X):if=iandjBc{ij}foralljecX\{i}}

e Forall i € X we have || = 2IXI71,

Theorem (P., 2025)
Let S be a commutative subsemigroup of idempotents of T(X). Then
o |S| < 2XI-1,
o S| =2X"1 = (FieX) S=TF.

1

_ o



Largest commutative subsemigroups of idempotents

@ Symmetric inverse semigroup on a set X:
Z(X) = { Functions 3 : 3 is injective and Dom 3 C X and Im3 C X }
={p € P(X): B is injective }.
Corollary (P., 2025)

Let S be a commutative subsemigroup of idempotents of P(X). Then
o |S| < 2Xl,
o |S| =2l «—= S =E(Z(X)).

Example

If X ={1,2,3}, then the elements of E(Z(X)) are

)66 636G GE)
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Largest commutative subsemigroups

Theorem (P., 2025)

Suppose that | X| < 6. Let S be a commutative subsemigroup of T (X).
Then

o |S| < 2XI-1,
o |S|=2XI"1 «— (3ieX) S=TX or |X|=2andS~C.

1

o

Corollary (P., 2025)

Suppose that | X| < 5. Let S be a commutative subsemigroup of P(X).
Then

o |S| < 2.
o |S| =2l «—= S =E(Z(X)).
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Largest null subsemigroups

o Null semigroup: S? = {0}.
o {(n)=max{t"t:te{l,...,n}}, neN.
o a(n)=max{te{l,...,n}:t""t=¢(n)}, neN.

o If xi,...,Xa(x)) € X are pairwise distinct, we define
N))é, Xa(]1X]) = {/BGT ) {X]_,...,XaUXD}ﬁ:{Xl}
and Im ﬁ C {Xl, .o 7X04(\X|)}}-

Example

If X ={1,2,3,4}, then a(|X|) =2 and £(|X|) = 4 and the elements of
N12 are

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
1111 111 2 11 21 11 2 2




Largest null subsemigroups

e Null semigroup: S? = {0}.
@ {(n)=max{t"t:te{l,...,n}}, neN.
o a(n)=max{te{l,...,n}:t""t=¢(n)}, neN.

o If x1,...,x,(x|) € X are parwise distinct, we define

N))é’ - Xa(]X]) = {B € T ) {Xla v 7Xa(|X‘)},B = {X]_}
and Im 3 C {x1,...,Xy(x))} }-

Theorem (Cameron et al., 2023)

Let S be a null subsemigroup of T(X). Then
o 15| < €(IX).
o [S|=¢(IX]) <= (Bx1,--- xq(x)) €X) S=NJ

X105 Xa (| X|

or |X|=2andS = {idx}.
] 14/53
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Largest commutative nilpotent subsemigroups

o Nilpotent semigroup: 3me N S™ = {0}.

Theorem (Cain, Malheiro, P., 2024)

Let S be a commutative nilpotent subsemigroup of T(X). Then
o S| <&(IX]).
o If|S|=¢(|X

), then S is a null semigroup.




Largest commutative nilpotent subsemigroups

@ For each B C X such that |B| = a(|X| + 1) — 1 we define
Qf ={BeP(X):DomBC X\Band Im3C B}.

Example

If X = {1,2,3,4}, then |B] = a(]X| + 1) — 1 = 2. If B = {1,2}, then
X\ B = {3,4} and the elements of Qf are

Dom | 0 | {3} | {4} {3,4}
G
22 )
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Largest commutative nilpotent subsemigroups

@ For each B C X such that |B| = a(|X| 4+ 1) — 1 we define

Qf ={BeP(X):DomBC X\Band Im3C B}.

Corollary (P., 2025)
Let S be a commutative nilpotent subsemigroup of P(X). Then
o |S|<&(IX]+1).
o |S|=¢(IX|+1) < |X|=1and S ={idx} or S=0QF
for some B C X such that |B| = o(|X|+1)—1.
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Largest abelian subgroups

@ S(X) is the symmetric group on X, formed by the bijections on X.

Theorem (Burns, Goldsmith, 1989)

Suppose that | X| > 2. Then the maximum size of an abelian subgroup of
S(X) is

3k if |X| = 3k,
4.3k1 jf|X| =3k +1,
2.3k f|X| =3k +2.

Moreover, the maximum-order abelian subgroups of S(X) are isomorphic
to

Cx if |X| = 3k,
Cox CilorGx Gx Gl oifIX| =3k +1,
Co x Ck if|X| =3k +2.
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Largest commutative subsemigroups with one idempotent

Theorem (P., 2025)

The maximum size of a commutative subsemigroup of T(X) with a unique

idempotent is
{|X| if X
§(IXT) if |X]

Moreover, if S is a maximum-order commutative subsemigroup of T (X)
with a unique idempotent, then

e If|X| <3, then S is a subgroup of S(X).

o If|X| =4, then S is either a subgroup of S(X) or a null semigroup.
e If|X| =5, then S is a null semigroup.

)

<4
=25
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Commutative semigroups with one idempotent

Lemma

Let S be a commutative subsemigroup of T (X) whose unique idempotent
ise. Then

{B|Ime B € S}

is an abelian subgroup of S(Ime).




Theorem (Burns, Goldsmith, 1989)

The maximum size of an abelian subgroup of S(X) is

3k if |X| = 3k
4.31 jf|IX| =3k +1
2.3k if | X| = 3k + 2.

Lemma
Let G be an abelian subgroup of S(X).
o If|X| <4, then |G| < |X|.

o If|X| > 5, then |G| < £(|X]).
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Property regarding S-partition

o Commutative semigroup S with one idempotent:

1 2 3 45 6 7 1 2 3 45 6 7
<5254545) (4542424> Ao = {2,4.5}
A; = {1,3}
1 2 3 45 6 7 1 2 3 45 6 7
5 25 45 41 2 425 25 2] A={67}
1 2 3 45 6 7 1 2 3 45 6 7
5 2 5 45 43 2 4 25 212
1 2 3 45 6 7
2 4 25 2 3 2
Main Lemma
° X EA = (xak)p are all equal.
@ ai,...,q, agree on Ag;
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Words from transformations

@ We order the elements of X in a way such that the elements of A;

appear before the elements of A;y1, i =0,...,k— 1.
Ao = {2,4,5}
Ar={1,3} 2,451,367
Ax = {6’7}
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Words from transformations

@ We obtain a set of words over X from the semigroup.

2,4,5,1,3,6,7
(2451367)(2451367) 2455545
2 455 5 4 5)\5 2 4 4 4 2 4 2455541
2 45136 7\(24513%67 2455543
2 4555 4 1)\45 22252
— 5244424
2 45136 7\(24513%67
2 4555 43/ \4522212 4522252
545136 7 4522212
4 5 2 2 2 32 4522232

32/53



Tree from words

2455545
2455541
2455543
¢ 5244424
4522252
4522212
4522232

4 5 5 5 4 /EL/).
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Tree from words

2455545
2455541
2455543
¢ 5244424
4522252
4522212
4522232

4 5 5 5 4 /ELiﬁ.
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Tree from words

2455545

S 2485541

2455543

4,2, 4 5244424

) 4522252

5 2 2 2 <§Ejzrzzﬁ. 4522212
3

—2 4522232
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Lemma

Let G be an abelian subgroup of S(X). Then |G| < £(|X]| + 1).

Null subsemigroup of 7({2,4,5,6}) of size |G| = 3:
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Lemma

Let G be an abelian subgroup of S(X). Then |G| < £(|X]| + 1).

Null subsemigroup of 7({2,4,5,6}) of size |G| = 3:
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Modifying the tree of S
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Modifying the tree of S




Modifying the tree of S
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Transformations from words

@ We obtain a null subsemigroup of 7(X) from the set of words. The
null semigroup has the same size as the initial commutative
semigroup with one idempotent. So |S| < &(|X]).
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Commutative semigroups with one idempotent

Theorem (P., 2025)

The maximum size of a commutative subsemigroup of T(X) with a unique

idempotent is
{|X| if X
§(IXT) if |X]

Moreover, if S is a maximum-order commutative subsemigroup of T (X)
with a unique idempotent, then

e If|X| <3, then S is a subgroup of S(X).

o If|X| =4, then S is either a subgroup of S(X) or a null semigroup.
e If|X| =5, then S is a null semigroup.

)

<4
=25
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Largest commutative subsemigroups with one idempotent

Corollary (P., 2025)

The maximum size of a commutative subsemigroup of P(X) with a unique
idempotent is £(|X| + 1). Furthermore, if S is a maximum-order
commutative subsemigroup of P(X) with a unique idempotent, then:

e If|X| < 2, then either S is a subgroup of S(X) or S is a commutative
nilpotent semigroup.

e If|X]| >3, then S is a commutative nilpotent semigroup.
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Largest commutative subsemigroups

Theorem (P., 2025)
Suppose that | X| > 7. Then

maximum size
commutative > (X)) +1.
subsemigroup of T (X) ——

Corollary (P., 2025)
Suppose that | X| > 6 and let Y be a set such that |Y| = |X|+ 1. Then

maximum size maximum size
commutative commutative
EXI+1)+1< <

subsemigroup | ~ | subsemigroup
N———
Q)B(U{idx} OfP(X) OfT( Y)
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Clique numbers of commuting graphs

maximum size commutative
( subsemigroup of S ) — 125l

° w(§(s)) =
Corollary (P., 2025)
Suppose that | X| > 2. Then
o If2 < |X| <6, then w(G(T(X))) =2XI=t —1.
o IfIX| > 7, then w(G(T(X))) > £(IX]).

Corollary (P., 2025)
Suppose that |X| > 2. Then
o If2 < |X| <5, then w(G(P(X))) = 21X — 2.

e If|X]>6, then §(|X|+1)—1<
where Y is a set such that |Y| = |X

w(G(P(X))) <
|+ 1.

w(@(T(Y)) -1,
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