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The Rees Theorem

We begin by describing an important construction.

Let Sbe a semigroug, A be nonempty sets, aftbe aAxl matrix with
entriespaifrom S Define

M = M(S;I,A; P)
with the multiplication
(i: 5, }‘) (J: L, JU*) — (i’a SPAjt: _,{L).

ThenM is a semigroup calledRees matrix semigroup over S.

This is an important technigue in semigroup theornycbnstructing new
semigroups from old ones.
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The Rees Theorem

Let Sbe a semigroup. Thehis simpleif it does not have any proper

ideals. Lete be an idempotent in a semigro8plheneis aprimitive
ldempotent if for each idempoteinh Ssuch that <ethenf = e.

A semigroupSis completely ssmple if it is simple and it has a primitive
idempotent.

Theorem (David Rees 1940)
A semigroup is completely ssmple if and only if it isisomorphic
to a Rees matrix semigroup over a group.
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Morita Theory

A semigroupSis said to havéocal unitsif for each elemend in Sthere
exist idempotents andf such thas= es= df.

Examples
All monoids and all regular semigroups have locatsini

We shall not give the full definition of the Moriemuivalence here
because it is complicated, but the following propas due to Sunil
Talwar can be taken as a definition for the workdssed in this talk.
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Morita Theory

Proposition

Let Sbe a semigroup with local units. Then SisMorita
equivalent to the monoid T iff there is an idempotent e such that
S= SeSand eSeisisomorphicto T.

Talwar proved the following result in 1992.

Theorem
A semigroup is Morita equivalent to a group iff it is completely simple.

Our goal isto generalize the Rees theorem within the framework of
Morita theory.
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Unipotent monoids

A monoid is said to banipotent if it contains exactly one idempotent.
All groups are unipotent and all cancellative monoids

A Rees matrix semigrouM = M(S;I,A; P) over a mon&ic said to
beclassical if each row and each column & contains an invertible
element.

Let SandT be semigroups with local units. Then a homomorphism
from Sto T Is said to be #ocal isomorphismif fleS : et — 6(e)TO(f) Is
an isomorphism for all idempotergandf from S
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Unipotent monoids

[0 Covering Theorem
Let Sbe semigroup with local units. Then Sis Morita egivalent to a

unipotent monoid T iff there is a classical Rees matrix semigroup

M = M(T;I,A; P)
with regularity separating surjective local Isomorphism g - A/ — § -

A regularity separating homomorphism is a homomorphism inducing
a bijection between the regular elements
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Unipotent monoids

Let Sbe a semigroup with local units. Th8ms a semigroup witlstrong
local unitsiif

() whenevere andf are idempotents iBsuch thaex= xand f x= x
thene Rf.

(i) whenevere andf are idempotents iBsuch thak e= x andx f = x
thenelL f.

Special case

If we add an extra condition d&dwhich we have just defined we will
have an isomorphism instead of a covering locah@phism.

[l Theorem

A semigroup Swith local unitsisisomorphic to a classical Rees matrix
semigroup over a unipotent monoid iff it iIs Morita equivalent to a
unipotent monoid and it has strong local units.
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Unambiguous semigroups

A semigroupSis said to beinambiguous if whenevera, b, c // Sare
such thaGla € S'b andS'a € S'c then eithelS'tb £SlcorS'c £Sb

and the same for the right ideals. This definiit®due to Birget.

Proposition A classical Rees matrix semigroup M = M(S;I, A; P)
over a monoid Sis unambiguous if and only if the monoid Sis
unambi guous.

From the above proposition, we deduce that comlsimple
semigroups are unambiguous.
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Unambiguous semigroups

Let Sbe a semigroup with local units. Th8mas the property cally
Iff each local submonoidSe of Shas this property.

Lemma

Let Sbe a semigroup with local units. Suppose that Sislocally
unipotent. If Sis unambiguous then Shas strong local units.

If we combine our results above we have proveddhewing
generalization of the Rees theorem.

Theorem

Let Sbe an unambiguous semigroup with local units. Then Sis Morita
equivalent to an unambiguous unipotent monoid iff Sisisomorphic to a
classical Rees matrix semigroup over an unambiguous unipotent
monoid.
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CONCLUSION

As we have seen, a completely simple semigroupasiamguous. It is
also locally inverse. One of our goals is to sttty structure of
unambiguous locally inverse regular semigroups.




